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SIMPLIFIED TECHNIQUE FOR EVALUATING 
RESIDUES IN THE PRESENCE OF HIGH ORDER POLES 


by 
Dov Hazony and Jack Riley 


SUMMARY 


The powerful Laplace transform method for transient analysis by the partial 
fraction expansion technique has become quite popular in the fields of circuit 
and servo design. The theory of residues is usually used to find the coefficients 
of these fractions. The process is quite simple until second and higher order 
poles are included in the denominator. Previously, this has required a return 
to the calculus to find the additional coefficients required. 


This paper discloses a simple technique for finding these additional coefficients 
by algebraic processes. As a result both manual and machine computation can 
be performed more easily. The technique is described and its mathematical 
basis is rigorously proven. : 


I INTRODUCTION 


This paper describes a simplified technique for the evaluation of the coefficients 
of partial fraction expansions. The method is based on the following relation- 
ships. 


Rule: For a normalized ratio of polynomials: 


A. If the denominator is one degree higher than the numerator, the sum 
of the residues is one. 


B. If the denominator is two or more degrees higher than the numerator, 
the sum of the residues is zero. 


The proof for these rules is given in the appendix. 


Several additional rules are derived from these to permit algebraic evaluation of 
partial fraction coefficients in cases for which the degree of the numerator is 
equal or higher than that of the denominator. 


The application of these rules provides a technique for finding one residue as a 
simple function of the others. By this means it is possible to find all of the co- 
efficients of a partial fraction expansion by algebra even when higher order poles 
are involved. This technique reduces the effort of computation consider- 

ably whether the coefficients are being found directly, graphically with 
computational aids such as the Spirule or Nomoto's log-s plane charts, 

or with computers, either digital or algebraic such as the ESIAC. Before 
exploring this technique it will be useful to define the terms residue and 
normalized ratio as they are used in this paper. 


Residue refers only to the coefficients of terms with first degree denominators in 
a partial fraction expansion, Constants, coefficients of positive powers of s, and 
coefficients of terms with higher degree denominators are referred to as co- 


efficients only. 
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Normalization refers to the process of obtaining a coefficient of one for the 
highest power term in the polynomials of the numerator and denominator. This 
can always be accomplished by factoring out the ratio of the coefficients of the 
highest order terms before making the partial fraction expansion. This ratio 
is then used as a multiplier for all of the resulting coefficients. 


II APPLICATIONS OF THE RULE 


The usefulness of this relationship of the sum of the residues for practical partial 
fraction expansions can be easily demonstrated by several examples. 


A. FIRST ORDER POLES ONLY: 


(s +a) _ A , B , CC 
(s+b,)(s+b,)(s+b;) (st+b,) T (s+b,} 7 (stb) 


The residues A and B are found by the usual technique of multiplying by 
(S+b;) and setting s=—b; ‘ 


(ab) a—b, 


then since A+ B+C=O the remaining residue C becomes 
Cc =— (A+B) 


Usually A and B are in numeric form so that CG can be easily found. If 
there are only two poles and no zeros the residues will be equal in 
magnitude and opposite in sign. If there is only one less zero than pole 
the sum of the normalized residues will be one. If the degree of the 
numerator is equal to or higher than that of the denominator algebraic 
methods for finding the coefficients are still possible. Some of the tech- 
niques which can be used are given in section III. 


B. ONE SECOND ORDER POLE: 


| A B C 


(s+b,} (s+b,) 7 (stb, * (s+b)) (s+b,) 
A and CG can be found as above. 
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By our Weer a only B and C are residues. 
Since B+ 


B=-C 


Thus an answer is obtained quickly and simply by pepe tion instead of 
having to make a complicated differentiation. 


The evaluation of coefficients in the presence of one second order pole 
can be generalized. Our problem can be stated as follows: 


Given: 
Vista) C Ro OR, 
(stb, ie H(s+bj) (stb.) (s+bo) eae Ch by} 


b= i,2,¢ee,p 


J - 2,2. = n 


? 
p< (n +2) 


ind: Gu. Ror alling. 


The values of R, can be found as before and can be written as: 


: (s+b,) 2 (s+ aj) 
(stb,)" H(s+b;) ead 


The value of © is given by: 


_ {stbo) 1 (s+a1) 
fede) T(stb)) 


Since the sum of the residues must be equal to zero or one we find that 


n 
R, = 8 pti y(nt2) = 2 Re 


where 


5 _ fl for pti=nte 
(ptijint2) ~ )O for p+i#nte 
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C. ONE THIRD ORDER POLE: 
From the equation: 
(s+a) A B C D 


(s#o)@e,) (eB Gay 


We find as before: 


then since C+D=0O 
C=-—D 


to-find B both sides of the equation are multiplied by (St+b)) to obtain a 

new equation with only a second order pole. The new polynomial ratio is 
expanded into a partial fraction and the terms of this expansion are equated 
to similar ones from s+b, times the original expansion to give: 


(stb, (s+b,) (s+b,) = (st+b,) ui (s+be) 


Note: F could have been written 


F _. D(s+b,) 
S+b, — i s+b, 


but it is simpler to evaluate and use if it is taken from the new equation as 
indicated. 


Both A and B are the same as in the above equation and F can be found 
easily: 


_ a=b, 
(b,—b,)* 


then since F +B=O 
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D. ONE HIGH ORDER POLE: 


The same technique can be extended to include all such functions with a 
single high order pole. 


The equation to be solved is: 
ll (, + a;) x Ce a: . 
(s+b,)" il (s-+b;) be (s+ Be) me (s+ bx) 
ly 2 ,2e2,P 


j= |,2,eee 


p< (n+l) 


5 fn 


Defining 


(s+bx) \. (stai) 


The values of Ry can be determined from this equation and the C's can be 


found from: 
A (s+a)) 
C2n= — 


4 (s+ 
I (s+b,) 
s=—b, 


n 
Cy = 5 (m+n—£)(p) a 2 Rig 


5 _~ ) | for m+n-t=p 
(m+n-#)(p) O for m+n—-2%p 


for values of % such that 


i< $< m—t 


E. TWOSECOND ORDER POLES: 


More than one high order pole can be handled also: 


| A B C D 


(+b)(e+b,) (+b? g 6+) (+b,) A (s+b,) 
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A and C are easily found. They are: 
= | a2 | 
~ We _ pie a Teas 
(bb) (bb) 
Then multiplying both sides of the original equation by (s+b) gives: 


| : A C(stb) | D(s+b) 
(s+b,)(s+b,)° (s+b) oe (s+b,)" (s+b,) 


The last two terms can be expanded by the same techniques to give four 
terms, the first two are: 


(ero,F Gt) 


The coefficient of one for the (stb,) term results because the numerator 
is one order less than the denominator. Therefore, the sum of the 
residues is one. There is only one first order pole term in the expansion 
so its coefficient is this residue of one. 


The last term expands into 
D (b—b,) 


(s+b,) lies 


This gives 


| C(b-b,) (b,-b,) 
(s+b,)(6+b,)° os Tee Gene +Ga)t a 


the coefficient of the second order term can be more easily evaluated directly. 
Calling this coefficient E gives 


C(b,—b,) = E = yansttne 


s=—b, 


a, 
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The sum of the residues is zero so 


A+C+D/(b—-b,) = 0 


Therefore 
A+C 
D=- = 
(b,-b,) 
But | 
ee ee 
(b,-b,) 
So 


D= — (A+C)E = —2€° 
And the last coefficient is found to be 
B= —D 


Thus all the coefficients have been found by algebra, no differentiation was 
needed, The resulting equation can be reduced to 


ae Eee Le 
Gro) er) © | Gry Gb) (sey Grd) 


These operations can be extended to higher order poles as required. With 
the basic rule about the sum of the residues, applied with usual algebraic 
manipulations, it appears that all. differentiation can be avoided. 


III ADDITIONAL PROPERTIES OF RESIDUES 


For a normalized polynomial with the same order numerator and denominator 


s tas + ese+a. 


= 
= 


s +bs | + °**+b, 


the sum of the residues is a,—D, 


p— 


The proof can be obtained by observing that = ; is a normalized poly- 
Yi 


nomial with a numerator of one degree less than the denominator. The sum 
of the residues must be one, P—lhas the same residues as P and they must 
total (g—D,), 
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B. If the numerator and denominator of a polynomial P are of the same order 
then the sum of the residues of P+ p will be zero. By (A) 


ZR(P) = (a,—b,) 


and 


then 
| age 
ZR (P} + =R (f = O 
C. If the numerator of a polynomial is one degree higher than the denominator 


n+ n n-1 
S GS. “Fa,s- =r Ser dy, 


- —R 
s) +bs"'+b,s + °e*+b, 
then the 
ER(P) = (a,—b,)—b,(a,—b,) 
This can be shown in a manner similar to A. 
D. For a polynomial in which the numerator is (n—!) larger than the denominator 


the first n coefficients of the numerator and the first n coefficients of the 
denominator are sufficient to determine the sum of the residues. 


CONCLUSION 


A theorem concerning the sum of the residues of the partial fraction expansion 
of a ratio of polynomials has been presented. It has been applied to the practical 
determinization of the residues of several often-encountered expressions. In 
addition, other relations have been given which may prove useful in expansions 
of greater complexity. 
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APPENDIX 
Theorem: For a normalized ratio of polynomials: 


A. Ifthe denominator is one degree higher than the numerator, the sum 
of the residues is one. — 


B. Ifthe denominator is two or more degrees higher than the numerator, 
the sum of the residues is zero. 


Proof: Let the polynomial ratio be written in the form: 


- —(r+ 
et tas" see watareaach fr 


n 


S + bs 


n-t 


+ eet by 


Let S be written in the form: 


Then for fixed R 8 
ds = jRe’ d@ 


All of the poles are near the origin so that as R approaches infinity the value 
of the polynomial is approaching 


Lim P s = 
ee _ (Re!”)" 
and the closed loop integral 
oe ede = per): for sk 
Lim ree ia ae elo) ~ O for r>2 


therefore according to the residue theorem the sum of the residues will be 


Ze | for r=l 
ZR = O for r>2 
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